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If A IS true, then B is true
A s true

therefore, B Is true
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. . deductive plausible
rational analysis . .
reasoning reasoning
If A IS true, then B is true If A IS true, then B is true
A s true B is true
therefore, B is true therefore, A becomes more plausible
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Recap: graphical models

deductive plausible

rational analysis . .
reasoning reasoning

graphical probabillistic
models models

® intuitive parametrization of the probabilistic model (probability table)

® ndependence or conditional independence of variables can be
conveniently identified

® pbreaks down the joint distribution into simpler conditional
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Recap: cue integration

CUE INTEGRATION

Xyls ~ N(s,0,) Xpls~ N(s,op)
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Recap: cue integration

X Ap
2 2
CUE INTEGRATION § ~ N(f1,62) p= 2
on 0%
11 1
prior
== visual
= haptic
== posterior
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KORDING & WOLPERT, 2004

BAYESIAN INTEGRATION IN SENSORIMGTOR LEARNING

Estimated lateral shift

> Mutatéujj két pont kozotti
mozgatasa

> VR setup: nem valodi
helyzet, rdadasul
csaknéha lathaté

> tréning: féluton és ut
végen
> tobbi kondicid: csak

féluton Start @ |ateral shift (e.g. 2 cm)




KORDING & WOLPERT, 2004

TASK VARIABILITY

> amegjelend kurzor eltolasa a megadott
priorbél lett generalva véletlenszerlien

" ezt 1000 tréning préba alatt lehetett
kikovetkeztetni

p(x) ~ N(z|p = lem, o9 = 0.5¢m)

SENSORY VARIABILITY

> A kulonbozd kondicidkban a kurzor
kulonbozd mértékben volt elmosddva:

o' X ~

Probability

N(1,6, = 0.5) cm

Om

1
Prior lateral shift (cm)

Probability

0 1 2
Visually sensed lateral shift (cm)



KORDING & WOLPERT, 2004

>

a kurzor valédi pozicidja x
és trajektériaja (kék)

a legjobb becslés az
elmosdédott kurzor alapjan
x_s (lila)

az alany ezt x_hat-re
(piros) javitja, mivel
altalaban a prior alapjan
kozelebb szokott lenni
1Tcm-hez

Ezen becslésre alapozva
tulzott mértékben korrigal
és a céltél balra érkezik



KORDING & WOLPERT, 2004

3 HIPOTEZIS

1.

Csak a vizudlis becslés alapjan vett kompenzacié (sem a
priort, sem a szenzoros bizonytalansdgot nem veszi
figyelembe

. Mindkét bizonytalansagot figyelmbe vévé optimalis

integracio

. Fix leképezés a vizualis megfigyelés és az eltolas kozott

(figyelembe veheti a priort, de a szenzoros bizonytalansagot
nem)
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BAYESIAN INTEGRATION IN SENSORIMOTOR LEARNING
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c Prior lateral shift (cm)
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S Likelihood
ol
0 1 2
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d
Pan
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o

0 I 2
True lateral shift (cm)
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BAYESIAN INTEGRATION IN SENSORIMOTOR LEARNING

Probability

0 1 2
True lateral shift (cm)

—

|
A

Deviation
from target (cm)
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0 1 2 0 1 2
True lateral shift (cm)
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BAYESIAN INTEGRATION IN SENSORIMOTOR LEARNING

Deviation from
target (cm)

True lateral shift (cm)
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BAYESIAN INTEGRATION IN SENSORIMOTOR LEARNING

Slope
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BAYESIAN INTEGRATION IN SENSORIMOTOR LEARNING

Slope
Inferred prior (a.u.)

Lateral shift (cm) '



BATTAGLIA ET AL., 2013

INTUITIVE PHYSICS







BATTAGLIA ET AL., 2013

A w1 |nputs == 2 |ntuitive Physics Engme == 3. Qutputs

.gavb- Will it fall?

(t) —_— (t+1) - ' " Soeiis ()

Add blocks, blocks made of styrofoam, blocks made of lead, blocks made of goo,
table is made of rubber, table is actually quicksand, pour water on the tower,
pour honey on the tower, blue blocks are glued together, red blocks are magnetic,
gravity is reversed, wind blows over table, table has slippery ice on top...
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C1 . Probabilistic IPE D Ground-truth physics
' @ o |
T t TI |
0.8
o -H:i'ﬂ ‘Ft = | | || |
L || |

Human (1-7, normalized)
o o
n ()
-
ﬂ-h—
ot
-

o .
N v
""!_,_

+
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Model (avg. proportion fallen) Model (avg. proportion fallen)
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PHYSICAL ILLUSIONS D' Ground-truth physics

Fall —»

00 02 04 06 08
Model (avg. proportion fallen)

(€)
(B)




BATTAGLIA ET AL., 2013

WHICH DIRECTION?

Difference between Difference between
model & human model & human




BATTAGLIA ET AL., 2013

VARYING OBJECT MASSES

Difference between Difference between
model & human model & human

Mass sensitive model Mass insensitive model



Application: Causal learning in infants

Gopnik et al (2004) Cog Sci
® Representation of causal structure is through graphical models

(directed acyclic graphs, DAGS)

® Causal structure imply conditional independencies
(causal Markov assumption)
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® Representation of causal structure is through graphical models
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Object B is placed on Object B is removed. Object A is placed on Object B is added to the detector with
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detector activates activating and the detector activate. Children are asked to make
activates it stop
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Gopnik et al (2004) Cog Sci
® Representation of causal structure is through graphical models

(directed acyclic graphs, DAGS)

® Causal structure imply conditional independencies
(Causa I\/Iarkov assumptlon
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Object B is placed on Object B is removed. Object A is placed on

Object B is added to the detector with

the detector and the The detector stops the detector by itself Object A. The detector continues to
detector activates activating and the detector activate. Children are asked to make
activates it stop
‘ / ) g
Object B is placed on Object B is removed Object A is placed on Object B is added to the detector with
the detector and the detector by itself Object A. The detector continues to
nothing happens and the detector activate. Children are asked to make
activates it stop
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Application: Causal learning in infants

Gopnik et al (2004) Cog Sci
® Representation of causal structure is through graphical models

(directed acyclic graphs, DAGS)

® Causal structure imply conditional independencies
(Causa I\/Iarkov assumptlon hypothesis #1

e

Object B is placed on Object B is removed. Object A is placed on Object B is added to the detector with

the detector and the The detector stops the detector by itself Object A. The detector continues to
detector activates activating and the detector activate. Children are asked to make
activates it stop
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Gopnik et al (2004) Cog Sci
® Representation of causal structure is through graphical models

(directed acyclic graphs, DAGS)

® Causal structure imply conditional independencies
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o Ny . ﬂ
N
/
Object B is placed on Object B is removed. Object A is placed on Object B is added to the detector with

the detector and the The detector stops the detector by itself Object A. The detector continues to
detector activates activating and the detector activate. Children are asked to make
activates it stop
/ \ ¢ o ﬂ

e hypothesis #2

Object B is placed on Object B is removed Object A is placed on Object B is added to the detector with
the detector and the detector by itself Object A. The detector continues to
nothing happens and the detector activate. Children are asked to make

activates it stop
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Application: Causal learning in infants

Gopnik et al (2004) Cog Sci
® Representation of causal structure is through graphical models

(directed acyclic graphs, DAGS)

® Causal structure imply conditional independencies
(Causa I\/Iarkov assumptlon

=

Object B is placed on Object B is removed.
the detector and the The detector stops
detector activates activating
Object B is placed on Object B is removed
the detector and
nothing happens
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Object A is placed on Object B is added to the detector with

the detector by itself ObJ ect A. The detector continues to
and the detector vate. Children are asked to make
activates it stop

/

Object A is placed on Object B is added to the detector with

the detector by itself Object A. The detector continues to
and the detector activate. Children are asked to make
activates it stop
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Application: Causal learning in infants

® Causa
(causa

Object B is placed on Object B is removed. Object A is placed on

the detector and the The detector stops the detector by itself
detector activates activating and the detector

activates
= gl

LT ﬂ

Object B is placed on Object B is removed Object A is placed on

the detector and the detector by itself
nothing happens and the detector

discovering causal structure — screening-off:

Gopnik et al (2004) Cog Sci
® Representation of causal structure is through graphical models

(directed acyclic graphs, DAGS)
structure imply conditional independencies

Rpdy

I\ﬂarkov assumption)

/

S
™~ .ﬂ/ \ﬂﬁﬂ/

activates

Object B is added to the detector with
Object A. The detector continues to
activate. Children are asked to make

it stop

Object B is added to the detector with
Object A. The detector continues to
activate. Children are asked to make

assessment of conditional probabillities
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Application: Causal learning in infants

Gopnik et al (2004) Cog Sci
0]
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Object B is placed on Object B is removed Object A is placed on Object B is added to the detector with
the detector and the detector by itself Object A. The detector continues to
nothing happens and the detector activate. Children are asked to make

activates it stop

® A B, S are correlated

® A & B are potential causes of S

® S is independent of B conditional on A

® S is not independent of A conditional on B
® A causes S and B does not
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Application: Causal learning in infants

Gopnik et al (2004) Cog Sci
0]

el .
A Ll

Object B is placed on Object B is removed Object A is placed on Object B is added to the detector with
the detector and the detector by itself Object A. The detector continues to
nothing happens and the detector activate. Children are asked to make

activates it stop

associative accounts solely rely on this
measurement (e.g. Rescola Wagner)

® A B, S are correlated

® A & B are potential causes of S

® S is independent of B conditional on A

® S is not independent of A conditional on B
® A causes S and B does not
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Recap: Bayes rule

measurement and inference
measurement:
measuring the probability of coughing when having a flu or not
P(coughing =1 |[flu =1)
inference:
infer the (posterior) probability of a hypothesis

P(flu = 1| coughing = 1)
what is the connection between the two quantities?

or equivalently:
P(z,y) = P(y|z)P(x)

P hine = 1| flu=1)P(lu =1

P(coughing = 1)
Bayes rule: ‘inverts’ a probabillistic relationship

if the Inferred variable is continuous, then the posterior assigns
probabllities to all possible hypotheses
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Coin tossing: an example

Head: O | Result
Tail: 1
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Coin tossing: an example

Head: O | Result
Tail: 1| Estimated bias
Variance of bias

0 0 O

0

0
0

0
0

1T 1 0 1.
25 4 33 43

25 .3 .26 .28 Var(¥) =

0.8}

0.6}

0.4}

0.2}

0

0 02 0.4
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Coin tossing: an example

Head: O
Tail: 1

Result
Estimated bias

Variance of bias

0
0

o 01 I O 1..
0 0/.25/.4 .33 .43
0 0

25[.3 .26 .28 Var(¥) =

0.9
0.8f
0.77
0.6¢
0.5¢
0.4¢
0.3f

2
OO

02 0.4
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Coin tossing: an example

Head: O | Result O 00 I I 0 1..
Tail: 1| Estimated bias O 0 0 .25 41.33 43
j 3

Variance of bias 0 0 .25 .3|.26 .28 Var(v) =

0.75
0.77
0.65}
0.67
0.55}
0.5¢
0.45}

0% 02 04 06 08 1
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Coin tossing: an example

Head: O | Result 000 1T I O 1..
Tail: 1| Estimated bias O 0 0 .25 4|.33|.43
Variance of bias 0 0 .25 .3|.26|.28 Var(v) =
0.8
0.7t
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0.5t
0.4t
0 02 04 06 08 :
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Coin tossing: an example

Head: O | Result 000 1T I O 1..
Tail: 1| Estmatedbias 0 0 0 .25 4 .33|.43

Variance of bias 0 0 .25 .3 .26/.28|Var(V)= v —
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Coin tossing: an example
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Tail: 1| Estimated bias
Variance of bias
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Coin tossing: an example

Head: O | Result 0001 I 0 I. |
Tail: 1| Estimatedbias 0 0 0 .25 4 .33 .43 =52
Variance of bias 0 0 .25 .3 .26 .28 Var(ﬁ):mz(% —(9))°

Trial likelihood P(z|v9) = Bernoulli (x; v)
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Variance of bias 0 0 .25 .3 .26 .28 Var(ﬁ):mz(l‘i —(9))°
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Coin tossing: an example

Head: 0| Result 0001 I 0 I. |
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Coin tossing: an example

Head: O | Result 000 T1 I O 1.

Taill: 1] Estimatedbias 0 0 0 .25 .4 .33 .43 1 sz
Variance of bias 0 0 .25 .3 26 .28 Var(¥)=— (fb‘z "(0))
Trial likelihood ( | ) = Bernoulli (z;9) = ﬁx-(l—ﬁ)(l_x)
Data likelihood P (datal9) = HP (2e|0) Q Bayes rule )

s this the important quantity? (ﬁldata) = P (data|d) P (0) /P (data)
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Tail: 1| Estimatedbias 0 0 0 .25 4 .33 43 1 sz
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Trial likelihood ( | ) = Bernoulli (z;9) = ﬁx-(l—ﬁ)(l_x)
Data likelihood P (datal9) = HP (2e|0) Q Bayes rule )
s this the important quantity? ﬁldata = P (data|J) P (9) /P (data)
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Coin tossing: an example

Head: O | Result O O 0Oo1l I O I..

Taill: 1] Estimatedbias 0 0 0 .25 .4 .33 .43 1 sz
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P(v) = Beta(9; a, 8) =

1 a—1 p—1
Blapg’ Y
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Coin tossing: an example

Hegd:O Result o 00 1 I 0 1I..
Tal:  1|Estimatedbias 0 0 0 .25 .4 .33 .43 1 O
Variance of bias 0 0 .25 .3 26 .28 Var(¥)=— (5’5% W))°
Trial likelihood ( |9) = Bernoulli (z; 9) = 97 - (1 — )1~
Data likelihood P (datald) = HP (2,]9) Q Bayes rule )
s this the important quantity? (ﬁldata) = P (data|d) P (v) /P (data)
o . . . .
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1.5} | 1 1904—1 (1 _29)5_1
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Trial likelihood ( | ) = Bernoulli (z;9) = ﬁm-(l—ﬁ)(l_w)
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Coin tossing: an example

Head: O
Tail: 1

Result

Estimated bias

Variance of bias
Trial likelihood

Data likelihood

s this the |mportant quanhty‘?

12

107

o 00 I I 0 1I..
0 0 0 .25 4 .33 43 X ZCBZ
0 0 .25 .3 26 .28 Var(¥)=— (i’fz "(0))
( | ) = Bernoulli (x;19) = ﬁm-(l—ﬁ)(l_x)
P (datal|d) = HP (2¢]|9) Q Bayes rule )
(19|data) = P (data|?) P () /P (data)
P(v) = Beta(9; a, 8) =
1
T904—1 1 — 9 B—1
Bag 7Y

0

0.2
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Bayesian inference
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Mathematical challenges

Marginalization

P(curvature | stimulus) = J

Statistical learning course, 2020
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4 light direction

\ curvature
S\ P

curvature | stimulus)

Marginalization

P(curvature | stimulus) = JP(curvature, light direction | stimulus) dlight direction

Expected value E[curvature | stimulus]

P (curvature | stimulus)

curvature

E[curvature | stimulus] = qurvature P(curvature | stimulus) dcurvature

OK, if P() is a Normal distribution (Gaussian)
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Possible remedies

Integral is intractable (a.k.a. impossible), approximation is needed
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Integral is intractable (a.k.a. impossible), approximation is needed
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b. find the best Normal distribution
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Possible remedies

Integral is intractable (a.k.a. impossible), approximation is needed
1.point estimation

. optimisation
Il.Expectation Maximization
2.variational approximation:
a. pretending P() is a Normal distribution;
b. find the best Normal distribution

c. calculate the integra

3. sampling (Monte Carlo methods)
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e palls are ‘examples’ from the diétribution
e the proportion of balls at different possible positions is proportional to the distribution
e skimming through these examples we can approximate the distribution
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¢ palls are ‘examples’ from the distribution

e the proportion of balls at different possible positions is proportional to the distribution

e skimming through these examples we can approximate the distribution

¢ (One can think of building a histogram instead of specifying the parameters of a distribution)
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Sampling methods

® Assumption: we can access a scaled version of the
probability distribution: P*(x) = ¢ P(x)

® Motivation: inferring the posterior with Bayes rule:

P(x | Data) = P(D:(t|a3| :)I;(X) x ¢ - P(Data | x)P(x)
ata
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Sampling methods

® Assumption: we can access a scaled version of the
probability distribution: P*(x) = ¢ P(x)

® Motivation: inferring the posterior with Bayes rule:

P(x | Data) = P(D:(tgl :);D(X) x ¢ - P(Data | x)P(x)
ata

marginal distribution —
invokes complicated integrals,
costly to calculate
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Rejection sampling
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Rejection sampling

0.6 1

0.4 1

0.2 1

0.0 1

e the proposal density, Q(x), is a distribution from which we can obtain samples
(have a random generator for it, e.g. Gaussian)

x ~ Q(x)
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¢ o point along the vertical axis is sampled between 0 and the Q(x) is a distribution
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Rejection sampling

0.6 1

0.4+

0.2 1

0.0+

e the proposal density, Q(x), is a distribution from which we can obtain samples
(have a random generator for it, e.g. Gaussian)

x ~ Q(x)

¢ o point along the vertical axis is sampled between 0 and the Q(x) is a distribution

from which we can obtain samples (have a random generator for it, €.g9. Gaussian)
y ~ uniform(0, cQ(x))

e proposal is accepted if y is lower than P*(x)
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Rejection sampling problems

® c'Q(x) needs to be larger than P*(x), otherwise sampling will
be biased (do not come from the target distribution)

® |f c-Q(x) is too large then proportion of failed samples will
iIncrease

® |t is not effective In high dimensions
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Ancestral sampling

()

® \Ve are aiming to obtain a
sample from the joint
distribution

® \\e first sample the ‘ancestors’

. P@|s)
® Progressively sample
descendants of sampled
ancestors exam
grade

How can we make inferences?
(obtain samples for arbitrary conditional distributions)
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Ancestral sampling

()

® \Ve are aiming to obtain a
sample from the joint
distribution

® \\e first sample the ‘ancestors’

. P@|s)
® Progressively sample
descendants of sampled
ancestors exam
grade

How can we make inferences?
(obtain samples for arbitrary conditional distributions)

-> rejection sampling: drop those samples
that are inconsistent with the conditions

Statistical learning course, 2020 golab.wigner.mta.hu
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Importance sampling

® [nstead of obtaining samples from the target distribution, P(x),
we only want to calculate expectations over this distribution

E[f(x)] = Jf(x)P(x) dx
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we only want to calculate expectations over this distribution
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® ‘Importance’ of the sample from Q*(x) is set by the weight
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Importance sampling

® [nstead of obtaining samples from the target distribution, P(x),
we only want to calculate expectations over this distribution

E[f(x)] = [f(x)P(x) dx
® \\e can sample a proposal distribution Q*(x)
® ‘Importance’ of the sample from Q*(x) is set by the weight

. P(x)
YT Q)

® [he estimate is a weighted sum over samples

2. Wif(x)
Zt Wi

Statistical learning course, 2020 golab.wigner.mta.hu
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Importance sampling challenges

® Regions where Q*(x) is small but P(x) is high are problematic
® [he variance of the estimator cannot be reliably estimated

® |n high dimensions (unless Q*(x) is a very good estimator) a
very large number of samples is needed for a good estimate
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Efficient Monte Carlo methods

® Markov chain Monte Carlo (MCMC) methods:
® Samples are generated sequentially:

® Subsequent samples rely on earlier ones so that we
sample regions where the probability mass is substantial
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relatively fewer samples come
from this region, efforts should
be limited here
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many samples are expected
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with independent samples
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Efficient Monte Carlo methods

® Markov chain Monte Carlo (MCMC) methods:
® Samples are generated sequentially:

® Subsequent samples rely on earlier ones so that we
sample regions where the probability mass is substantial

® Drawback: we abandon independence of samples

® ‘Slow mixing’: Multiple Markov chain Monte Carlo samples
equal to the contribution of an independent sample

many samples are expected

relatively fewer samples come around this region

from this region, efforts should

be limited here reliability of Monte Carlo

integrals directly increases
with independent samples

\ only
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Vletropolis Hastings algorithm

® Lffective, general purpose algorithm to do integrals,
iInference, everything one needs
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iInference, everything one needs

proposal distribution

proposal

P*(Xe41)

acceptance probability is proportional to P (x)
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® Lffective, general purpose algorithm to do integrals,
inference, everything one needs

proposal distribution

proposal

P*(X¢41)
P*(x¢)
it iIs normalised by the easiness of getting from the proposed point back to the origin:

acceptance probability is proportional to
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Metropolis Hastings algorithm

® After a large number of steps xt ~ P(X),
.e. the histogram of x: is faithfully representing P(x)

® |nitial samples depend on the initial choice:
samples in the burn-in period need to be discarded

® Since samples are not independent, closely samples can be
discarded: thinning
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Alternative MCMC methods

® Hamiltonian Monte Carlo — exploits the shape of the
probability distribution to design proposals
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Alternative MCMC methods

® Hamiltonian Monte Carlo — exploits the shape of the

probability distribution to design proposals

Hamiltonian Monte Carlo

« Samples
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Significance of sampling

® An efficient sampling architecture can save us from scary
integrals: we can side step the bizarre math

® Sampling bridges the gap between the mathematical
transparency of inference on discrete variables and the
cumbersome inference on continuous variables

® Sampling, as an approximate strategy to perform plausible
reasoning Might be used by humans to make inferences
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